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INTRODUCTION 

In a manned planetary flyby mission, it is desirable 
to have the flyby vehicle approach the planet to within reason- 
ably close distances. However, the closer the vehicle comes to 
the planet, the more important becomes the presence of the at- 
mosphere. Uncertainties in knowledge of the state of the upper 
atmosphere before flyby result in uncertainties in calculation 
of both the drag forces which will act on the vehicle and ki- 
netic energy lost by the vehicle through dissipation. The 
following analysis will show explicitly the dependence of 
drag force and dissipated energy on the atmospheric parameters, 
and will allow an estimate of the effect of uncertainties in 
knowledge of the atmospheric parameters on uncertainties in 
drag force and energy dissipation calculations. 

NOMENCLATURE 

The symbols are listed in approximate order of usage. 

flyby trajectory 
- kinetic energy dissipated by manned vehicle along 

- non-electromagnetic drag force acting on vehicle 
- length coordinate along vehicle trajectory 

- polar coordinate of length, from center of planet 
to point on trajectory 

- polar angular coordinate 
- free-molecule drag coefficient of flyby vehicle 
- atmospheric density 
- cross-sectional area of vehicle 
- vehicle velocity along flyby trajectory 



' 
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- a tmospher ic  s c a l e  h e i g h t  

- v e l o c i t y  of  v e h i c l e  r e l a t i v e  t o  t h e  p l a n e t  when t h e  
v e h i c l e  i s  o u t s i d e  t h e  p l a n e t ' s  g r a v i t a t i o n a l  f i e l d  

- g r a v i t a t i o n a l  a c c e l e r a t i o n  a t  p l a n e t ' s  s u r f a c e  

- t r a j e c t o r y  c o n s t a n t s  

- e c c e n t r i c i t y  o f  o r b i t  

- a n g u l a r  p o l a r  c o o r d i n a t e ,  measured from l i n e  j o i n i n g  

- d i s t a n c e  from c e n t e r  o f  p l a n e t  to p e r i a p s i s  p o i n t  

p e r i a p s i s  t o  c e n t e r  o f  p l a n e t  

- a n g u l a r  p o l a r  c o o r d i n a t e  

- upper  l i m i t  of $ used  f o r  e v a l u a t i n g  i n t e g r a l  

- number o f  s c a l e  h e i g h t s  between r and r when + = UJ 

- t u r n i n g  a n g l e  of  t r a j e c t o r y  
0 

ANALYSIS 

F i g u r e  1 shows t h e  f l y b y  t r a j e c t o r y .  To o b t a i n  t h e  
t o t a l  v e h i c l e  k i n e t i c  energy d i s s i p a t e d  a l o n g  t h e  t r a j e c t o r y  
( n e g l e c t i n g  e l ec t romagne t i c  drag,  s o l a r  r a d i a t i o n  drag, e t c . )  
due t o  v e h i c l e - p l a n e t a r y  atmosphere i n t e r a c t i o n ,  t h e  f o l l o w i n g  
i n t e g r a l  must be e v a l u a t e d :  
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where 

ED i s  t h e  t o t a l  v e h i c l e  k i n e t i c  energy which i s  d i s s i p a t e d  by 

t h e  vehic le -a tmosphere  i n t e r a c t i o n ;  

F (r,e) i s  t h e  a tmospher ic  drag f o r c e  which a c t s  on t h e  v e h i c l e  

a t  a p o i n t  (r,e> on t h e  t r a j e c t o r y ;  

S i s  a l e n g t h  c o o r d i n a t e  which i s  measured a l o n g  t h e  t r a j e c t o r y .  

I f  S = 0 d e n o t e s  p e r i a p s i s ,  t h e n  t h e  i n t e g r a l  e x t e n d s  
from S = -Q) to + m ,  As w i l l  be shown l a t e r ,  i t  w i l l  n o t  be 
n e c e s s a r y  t o  c a r r y  t h e  i n t e g r a t i o n  past  r e l a t i v e l y  small v a l u e s  
o f  s. 

D 

I n  p o l a r  c o o r d i n a t e s  dS, a d i f f e r e n t i a l  e lement  cf  
l e n g t h  a l o n g  t h e  t r a j e c t o r y ,  t akes  t h e  form: 

2 1 /2  
dS = [ r2 + (g) ] de 

where r and 8 are shown i n  F i g u r e  1. 

FD(r,e) may b e  w r i t t e n  i n  t h e  u s u a l  manner: (1) 

where 

CD i s  t h e  d r a g  c o e f f i c i e n t  o f  t h e  f l y b y  v e h l c l e .  
f a c t  t h a t  p e r i a p s i s  a l t i t u d e  w i l l  be of  t h e  o r d e r  o f  a few 

hundred kilometers,  (where t he  a p p r o p r i a t e ( 2 )  mean f r e e  P a t h  1s 
large compared t o  a r e l e v a n t  v e h i c l e  d imens ion) ,  t h e  drag co- 

e f f i c i e n t  w i l l  assume i t s  f r e e  molecule  v a l u e .  

Due to t h e  

( 3 )  

p ( r )  i s  t h e  a tmospher ic  d e n s i t y  a t  d i s t a n c e  r from t h e  p l a n e t  
c e n t e r ;  A i s  t h e  mean c r o s s - s e c t i o n a l  area of  the v e h i c l e  which 
i s  normal t o  t he  v e h i c l e  v e l o c i t y  v e c t o r ;  



. 

BELLCOMM. INC. - 4 -  

V ( r , 9 )  i s  t h e  v e h i c l e  v e l o c i t y  a t  p o i n t  r. 
( 4  1 p ( r )  may be assumed t o  be  of  t h e  f o r m :  

where 

i s  t h e  a tmospher ic  d e n s i t y  a t  t h e  p l a n e t  s u r f a c e ;  
P S  

r i s  t h e  p l a n e t  r a d i u s .  

H i s  t h e  a tmospher ic  s c a l e  h e i g h t .  For convenience i n  ca l cu -  
l a t i o n s ,  i t  i s  assumed t o  be c o n s t a n t  from t h e  p l a n e t  s u r f a c e  
t o  t h e  f l y b y  v e h i c l e  t r a j e c t o r y .  F i g u r e  2 i s  a p l o t  of number 
d e n s i t y  v s .  a l t i t u d e  f o r  a c o l l e c t i o n  of  p o s t u l a t e d  Mar t i an  
 atmosphere^'^). Added t o  the  g raphs  con ta ined  i n  Reference 5 
i s  a graph  o f  t h e  model "F" Mar t i an  atmosphere.  T h i s  atmos- 
phe re  has t h e  p r o p e r t i e s  conta ined  i n  T a b l e  1. However, i t ' s  
f o r t e  i s  a c o n s t a n t  s c a l e  h e i g h t  th roughout  t h e  atmosphere.  
As F i g u r e  2 shows, t h e  model "F" atmosphere approximates  
q u i t e  w e l l  t h a t  p o s t u l a t e d  by Chamberlain and McElroy. 
i s  d i r e c t l y  a p p l i c a b l e  t o  t h e  present  a n a l y s i s ,  where a 
c o n s t a n t  s c a l e  h e i g h t  atmosphere i s  s p e c i f i e d .  

V (r,9), for t h e  s p e c i f i c  c a s e  of a v e h i c l e  which i s  
w i t h i n  t h e  g r a v i t a t i o n a l  f i e l d  of t h e  p l a n e t ,  may b e  w r i t t e n  

P 

c 

It 

2 

( 6 )  a s  : 

where 

m r ( 5 )  

Vm i s  t h e  v e l o c i t  r of  t h e  
v e l o c i t y ,  b e f o r e  -t i s  pe r tu rbed  by t h e  p l a n e t ' s  g r a v i t a t i o n a l  
f i e l d ,  and go i s  t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n  e x i s t i n g  a t  t h e  

p l a n e t ' s  s u r f a c e ,  

e h i c l e ,  r e l a t i  e to t h e  p l a n e t  
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Combination of  e q u a t i o n s  (11, ( 2 1 ,  (31,  ( 4 1 ,  and 
( 5 )  produces  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  ED 

To r e a d i l y  e v a l u a t e  t h e  i n t e g r a l ,  t h e  i n t e g r a n d  must 
b e  s i m p l i f i e d .  

r i s  r e l a t e d  t o  8 t h rough  t h e  d e f i n i n g  e q u a t l o n  f o r  
t h e  h y p e r b o l i c  f l y b y  t r a j e c t o r y :  ( 7 )  

where 

C ,  0 a r e  c o n s t a n t s  of  t h e  t r a j e c t o r y ;  
I 

E i s  t h e  e c c e n t r i c i t y  o f  t h e  o r b i t ,  and i s  g r e a t e r  t h a n  u n i t y  
f o r  a h y p e r b o l a .  

I 

F i g u r e  1 shows t h a t  ( 0  - 8 ) i s  t h e  p o l a r  c o o r d i n a t e  
a n g l e  measured from t h e  l i n e  j o i n i n g  t h e  p e r i a p s i s  p o i n t  w i t h  
t h e  c e n t e r  o f  t h e  p l a n e t .  The f o l l o w i n g  s u b s t i t u t i o n  i s  now 
made : 

I 
3 , = e - e  

When 3, = 0 ( p e r i a p s i s ) ,  r = r ( d i s t a n c e  from t h e  
0 

p e r i a p s i s  p o i n t  t o  t h e  p l a n e t  c e n t e r ) .  I n s e r t i o n  o f  t h i s  
boundary c o n d i t i o n  i n t o  e q u a t i o n  ( 7 )  g i v e s ,  f o r  C :  

1 
=ro<l+E) 
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S u b s t i t u t i o n  o f  e q u a t i o n s  ( 8 )  and ( 9 )  into ( 7 )  
y i e l d s  : 

D i f f e r e n t i a t i o n  o f  e q u a t i o n  ( 1 0 )  w i t h  r e s p e c t  to 
J ,  produces  t h e  f o l l o w i n g :  

1 d r  - E s i n  $ 
r dJ, 1 + ~  c o s  J ,  
- - -  

J ,  i s  now assumed t o  be no g r e a t e r  t h a n  1 5 O ,  s o  t h a t  

s i n  J ,  may be r e p l a c e d  by JI and c o s  J ,  may be  r e p l a c e d  by 1 - !z , 
w i t h  a n  a t t e n d a n t  e r r o r  of 1% o r  l e s s .  - - dr i n c r e a s e s  i n  

1 d r  magnitude w i t h  i n c r e a s i n g  E .  The maximum v a l u e  of - - r dJ, 
(€>>1) 

r dJ, 

i s  g iven  b y  t h e  fo l lowing  e x p r e s s i o n :  

I n  e q u a t i o n  ( 6 )  t h e  maximum v a l u e  o f  t h e  t e r m  * 7 ' I 2 ,  s u b s t i t u t i n g  e q u a t i o n  (12), becomes: 

1 

which, for $<<1, i s :  
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Thus, t h e  r i g h t  hand s i d e  of  e q u a t i o n  ( 1 4 )  may b e  

r e p l a c e d  by u n i t y  w i t h  a n  e r r o r  o f  approx ima te ly  7 $2 . I n  t h e  

p r e s e n t  c a s e ,  t h i s  e r r o r  i s  no g r e a t e r  t h a n  3 % .  P h y s i c a l l y ,  
t h e  r e s u l t  of  t h i s  approximation i s  t h a t  t h e  segment of  t h e  
h y p e r n o l i c  t r a j e c t o r y  n e a r  p e r i a p s i s  ($<15O) may be r e p l a c e d .  
by a c i r c u l a r  segment w i t h  an e r r o r  of  no more t h a n  3 % .  Mathe- 
m a t i c a l l y ,  i t  means: 

The nex t  s i m p l i f i c a t i o n  o f  t h e  i n t e g r a n d  i n  ( 6 )  i s  

t he  rep lacement  o f  t h e  v a r i a b l e  c o e f f i c i e n t  o f  Vm, 2 r ,  b y  some 
a v e r a g e  v a l u e  o f  r i n  t h e  i n t e r v a l  of i n t e r e s t .  I n  t h i s  i n t e r -  
va l ,  r r a n g e s  from r ( i t s  minimum v a l u e ,  a t  p e r i a p s i s )  t o  
r + nH ( i t s  maximum v a l u e ) .  
i n t e g r a l  ( 6 )  may be  t r u n c a t e d  a t  some r e l a t i v e l y  small v a l u e  
of $. When $ e q u a l s  t h i s  l i m i t i n g  v a l u e ,  r e q u a l s  i t s  maxi- 
mum v a l u e  i n  t h i s  i n t e r v a l ,  rQ + nH. n d e n o t e s  t h e  number of  
s c a l e  h e i g h t s  above pe r i aps i s  by which r i s  i n c r e a s e d .  Thus, 
r may be  r e p l a c e d  i n  t h e  i n t e r v a l  of  i n t e r e s t  b y  i t s  ave rage  

v a l u e  ro + - nH , w i t h  an  a t t e n d a n t  e r r o r  of a t  most 

0 
A s  w i l l  b e  shown l a t e r ,  t h e  

0 

7 nH 2 
nH 

L a t e r  r e s u l t s  (which o b t a i n  t h e  v a l u e  o f  n )  w i l l  show t h a t  
t h i s  e r r o r  w i l l  be  less than  1% f o r  Mars (where H % 1 0  km 
and r Q 3700 km). 

+ 2 

0 

However, t h e  small v a r i a t i o n  i n  r i n  t h e  r ange  O < $ < l 5 O  
r -- 

produces  a much more s i g n i f i c a n t  change i n  t h e  eH term i n  

e q u a t i o n  ( 6 ) .  e may be w r i t t e n ,  w i t h  t h e  a i d  o f  e q u a t i o n  ( l o ) ,  
as: 

r -- 

r -- r O  (1+d -- 
H H ( 1 + ~  cos  $ )  e = e  

U t i l i z a t i o n  o f  t h e  small a n g l e  assumpt ion  ( c o s  $ 5 1 - 
t r a n s f o r m s  e q u a t i o n  ( 1 6 )  i n t o :  
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r r 2 -- r -- 0 -IT 0 * J ,  

e e H = e  H 

A change o f  v a r i a b l e s  w i l l  s i m p l i f y  ( 1 6 )  somewhat. L e t :  

2 y2 = - 

w i t h  

d Y = v  H & O  *dJI 

Combination o f  e q u a t i o n s  ( 1 7 )  and (18 )  g i v e s :  

r 
2 0 -- r 

-E H e-Y e = e  

I n s e r t i o n  of e q u a t i o n s  (15), (19) and ( 2 0 )  i n t o  
e q u a t i o n  (6), w i t h  replacement of r by  r + -H, n produces :  0 2  

A t  t h i s  p o i n t  t h e  l i m i t s  o f  i n t e g r a t i o n  must be 
e s t a b l i s h e d .  Due t o  symmetry of t h e  f l y b y  t r a j e c t o r y  abou t  
p e r i a p s i s ,  t h e  i n t e g r a t i o n  may b e  performed from J, = 0 ( p e r i a p s i s )  
to J, = ( a n  a r b i t r a r i l y  s e l e c t e d  v a l u e  of  JI above which t h e  
c o n t r i b u t i o n  t o  t h e  i n t e g r a l  i s  deemed n e g l i g i b l e ) ,  and t h e  re -  
s u l t  m u l t i p l i e d  by two. T h i s  i s  e q u i v a l e n t  t o  t h e  i n t e g r a l  from 
J , = -  t o  $ = $,ax* w i l l  now be o b t a i n e d  by i n t e g r a t i n g  
e q u a t i o n  ( 2 1 )  t o  i t s  v a r i a b l e  upper  l i m i t  ($max),  t h e n  permi t -  
t i n g  t h l s  a n g u l a r  l i m i t  t o  i n c r e a s e  u n t i l  t h e  magnitude o f  t h e  

$,ax 
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integral approaches arbitrarily closely a definite limiting 
value. 
Substitution of ro + nH in equation ( l o ) ,  and utilization of 

When ~l = Jlmax, r = r t nH, where n must be determined. 
0 

the assumptions that JI is a small angle (cos Jl % 1 - Jl 2 ) ,  and - 
2 

that nH<<ro (quasi-circular trajectory assumption), gives the 
following: 

Combination of equations (18) and (22) yields: 

, _..-_ 

Integration of equation (21) from Y = o t o  Y = - I  n, and 
multiplication of the result by two, produces: 

where 
c .- 

, .  

Figure 3 ,  a plot of erf -tn vs. n, shows that 
Gapproaches within 1% of its limiting value of unity erf 

when n % 3. Thus, the upper limit of integration is 

corresponding to r = ro t 3H. Equation (22) shows Jlmax to range 
from 1 1 O  ( E  Q 1) t o  8" ( E  m ) .  

- - -  

Replacement of erf 'y n by unity in equation (24) 
gives the final expression for ED: 
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The maximum value of FD (when r = ro)  is (equation [ 3 1 ) :  

SUMMARY AND CONCLUSIONS 

A formula (26) f o r  predicting vehicle kinetic energy 
loss due to interaction with the atmosphere has been obtained. 
Now, some of the assumptions used in deriving the formula will 
be discussed. A l s o ,  a physical description of the formula will 
be given. 

The major assumption that $ < 15' is shown to be valid 
by the result that the integral reaches a limiting value f o r  
",ax 
angle assumption, which is the second term on the right-hand 

side of equation (14), 7 *2 , is seen to be about 2%. 

'L 1 1 O .  Thus, the largest error due directly to this small 

as given in equation (26) may be considered as 

Figure 4 shows the relation between ro, 

ED , 
the produc t  of drag force at periapsis (maximum drag force) 
times a distance X. 
H, and X. A triangle is constructed with two vertices 
located on the flyby trajectory, and the third located at the 

. planet center. 
- 1 i X '  If tan ~ - ) is small, as is the case in the present 

0 .  

analysis, then X 'L -, 2 H r o .  Thus, the total kinetic energy 
dissipated during flyby may be considered as the result of 
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maximum FD ( e q u a t i o n  [ 2 7 1 )  a c t i n g  t h r u  t h e  d i s t a n c e  from 
p e r i a p s i s  to a t r a j e c t o r y  p o i n t  of r a d i a l  l o c a t i o n  one s c a l e  
h e i g h t  above p e r i a p s i s  ( symmetr ica l  abou t  pe r i aps i s ,  of  c o u r s e ) .  
The f a c t o r  7 i n  e q u a t i o n  ( 2 6 )  i n d i c a t e s  how r a p i d l y  t h e  t ra -  
j e c t o r y  'bends away'  from a c i r c u l a r  t r a j e c t o r y  i n  t h e  near -  
p e r i a p s i s  r e g i o n  and t h u s  p r o v i d e s  a measure of  t h e  t o t a l  
d i s t a n c e  t r a v e r s e d  by t h e  v e h i c l e  i n  go ing  from ro to 
r + H. 

0 

A s  e q u a t i o n  ( 2 6 )  shows, ED i s  approximate ly  propor-  
r -r 
-3 . T h e r e f o r e ,  H t i o n a l  to p e r i a p s i s  a tmospheric  d e n s i t y ,  p s e  

t h e  u n c e r t a i n t y  i n  c a l c u l a t i o n  of  E i s  p r o p o r t i o n a l  to t h e  

u n c e r t a i n t y  o f  knowledge o f  d e n s i t y  a t  pe r i aps i s .  If t h i s  
d e n s i t y  i s  measured d i r e c t l y  b y  an  i n  s i t u  probe  b e f o r e  f l y b y ,  

, w i l l  be d i r e c t l y  p r o p o r t i o n a l  t h e n  t h e  u n c e r t a i n t y  i n  ED, - 

t o  u n c e r t a i n t y  i n  d e n s i t y .  However, i f  s c a l e  h e i g h t  a t  lower 
a l t i t u d e s  i s  measured b e f o r e  f l y b y  ( o c c u l t a t l o n  expe r imen t ) ,  
and d e n s i t y  a t  p e r i a p s i s  i s  o b t a i n e d  from e x t r a p o l a t i o n  o f  

D 

dED 
ED 

d e n s i t y  a t  low a l t i t u d e s ,  t h e n  i t  can b e  shown ( 7 )  t h a t  5 - 

ED ('p-ro) dH - where - dH i s  t h e  u n c e r t a i n t y  
H' H i s  p r o p o r t i o n a l  t o  

(r  - Y o )  
i n  measurement o f  s c a l e  h e i g h t ,  and pH i s  a r e l a t i v e l y  
l a r g e  q u a n t i t y  ( %  3 0 ) .  Thus, an  i n  s i t u  measurement of 
P e r i a p s i s  den s i  t y  ( 8 )  appea r s  q u i t e  a t t r a c t i v e  for t h e  p r e s e n t  
a p p l i c a t i o n .  
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TABLE I 

MODEL "F"  ATMOSPHERE FOR MARS 

DEF I N  IT ION 

SURFACE DENSITY 

SURFACE PRESSURE 

SCALE HEIGHT 

GAS CONSTANT 

MOL. WT. OF ATMOSPHERE 

SURFACE TEMPERATURE 

VALUE 

3. 

13.5 

36,000 

i ilco 

ulc 

23 5 

UN I T S  

SLUGSIFT 

LBSIFT~ 

FT 

FT-LBS 
SLUG-MOLE- O R  

G R A M S ~ O L E  
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